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This paper deals w1t.n terms of different order of smallness on the right-hand 
side of the equatioxs and their Influence on the existence, the form and the 
stability of periodic solutions of quasi-linear systems. This problem Is 
analyzed In detail with self-contained and non-self-contained systems with 
one degree of freedom, using Polncard's method In Its modern form. The ana- 
lysis of systems with several degrees of freedom does ncrtshcwfmynew results 
and will therefore not be adduced. 

1. Let us first consider the self-contained systems [l and 21 

z"+ k*z = p F (z, z’, p) (1.1) 

The function i&,r',~) Is analytic with respect to Its arguments, v ti 
a small positive parameter, k Is a constant. It Is assumed that the small- 
ness of the parameter p guarantees the existence of periodic solutions each 
of which Is expanded in a series In powers of p . As is known, the solu- 
tion of a generating system (p = 0) depends on one parameter and has the 
form 

The 

where 

The 
series 

x0 (t) = A,, cos kt (1.2) 

periodic solutions can be deterJlned using the Initial conditions 

z(O)=-%+B, 2' (0) = 0 

0 Is a function of p with e(O) = 0 . 
solution 6f Equation (1.1) may be written in the form of Polncar6 
In powers of B and CI 

z(1,Ao~8,.~)=(Ao~B).cosktf $ C,,(t)+ 
TX=1 [ 

S.$?~+...]li" (1.3) o 

Let 
of v 

us expand the right-hand side of Equation (1.1) in a series In powers 

PF (2, 2.9 P) = 5 H,, (4 pn, I d+‘F 
Hn (G = (n dim-' ( 1 (1.4) 

?I=1 k==B--o 

values of the first four coefficients of I. are given In Cl]. 
We note that the explicit dependence of the function F on v has an effect 

The 
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qUntltles of I, s.tartlng with me . 
functions C.(t) are defined by Formula 
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t 
c, (t) = + s H,, (t’) sin k (t - t’) dt’ 

0 

(1.5) 

The index of the function C,(t) Is equal to the power of p 
flclent of which is H,(t) In the expansion (1.4). The derIvatIvks% E'- 
order of C,.(t) with respect to t and A, are expressed by H,(f) and 
H:(t) and their derivatives with respect to A, . 

We will estimate all quantities In the formula for periodic solutions of 
quasi-linear systems subject to tne maximum order of the terms of the expan- 
sion of the right-hand aides of the equations, where the terms may still 
Influence the given quantity. Obviously such an estimation ma3 be made with 
respect to the largest Index of the functions C,(t) and their derivatives 
with respect to t and A on which the given quantity 1s dependent. The 
'formulation 'such a quantity Is dependent on the terms of order of smallness 
s" will mean In the following that the mentlone; q;rt,'F; Is generallydepsnd- 
ent on the coefficients of the terms of order 

As 1s tiown, one of condltlons of perlodlclty defines the period of the 
aown solution as an expansion In powers of p . The second condition of 
periodiclty leads to the relation 

(i.6) 

where T, Is a period of the generating solution. 

Let us denote the quantities H. (TotAo+ 8) for g - 0 by N. and we will 
obtain 

M, = C, (To) = - f 
TO 

s 
F (2, z’, 0) sin ktdt 

0 

M2=c2(ro)+&‘*a(~o)1 and so on. 
0 

The formulaa of paper Cl] show that the quantity & depends on the terms 
of order n . The basic amplitudes A, are generally defined by Equation 

Cl (To) = 0 (1.7) 

Consequently, In this case the values A, depend on the terms of first order. 

If the multlpllclty of the considered root of Equation (1.7) Is equal to 
1 , then the expansion of the quantity g may assume the form 123 

(? = I, . . ., I) (1.8) 
n=l 

For 1 = 1 the coefficients of A, may be found from the lIneare_. 
For Instance, for A, we have 

A&/~A,+ M,=O 

It 1s shown from the equations for the remaining coefficients [l] that 
the coefficient of A. la dependent on the terms of order n + 1 . 

For N # 0 and for the expansion of 2 In fractional powers of p , the 
first coe!flclent of the expansion Is defined by Equation [2] 

and la consequently also dependent on the. terms of second order, An analysis 
of the remaining equations for the coefficients A,,, shows that these coef- 
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flclents depend on the terms of order n+l We note, 
definitions the coefficients with the same index, 

that with the assumed 
taken from different types 

of expansions depend on the terms of dlfferent,order of smallness. For 
Instance, the coefficient A, 
Integer powers of p 

Is the first coefficient In the expanplon In 

the first case A, 
and the Fth coefficient in the expansion of ~'1'. In 

depends on the quantities of second order, In the second 
case A, depends on the quantities of order f + 1 . 

In self-contained systems periodic solutions with constant period will be 
obtained if the transformation In time Is made, 

(1.9) 

It may be shown that the quantities of order (n - F t 1) may Influence 
the coefficient &,, . 

The periodic solution of Equation (1.1) Is expanded I.1 the same form of 
series as the quantity 8 

m 

(1.10) 
n=o 

The term A ,,cos kt will be introduced In the formula of the function 
zYrL;J,, T;;e:oye the function x.1, (7) will generally depend on the terms 

The stability of periodic solutions of Equations (1.1) for sufficiently 
small u Is In the case of simple roots of Equation (1.7) defined by the 
Inequaiity 

XT, 1 a‘4, < 0 (1.111 

roots of Equation (1.7) and of the expansion of 
P1la the condition of stability [3] will read 

In the case of two-fold 
B In series in powers of 

Here A, a 

index. I is the first coefficient not equal to zeco with a fraction as 
In the case of the expansion of f3 in integer powers of ~1 , the 

r1,,pc, : &A”* < 0 (1.12j 

stability condition takes on the form 

‘4,X1 / UoZ + . . . <o (1.13) 

Here A, 1s the first coefficient of the expansion In powers of B not 
equal to zero, while the terms not written here depend on C.+,(TO) . 

In the case of three-fold roots In Equation (1.7) for f = 3', the con- 
dition of stability Is not dependent on the terms of order larger than 1 

ix, I &‘I~ < 0 (l.i/l) 

Fcr F = 1 the terms of order larger than 1 have Influence on the Sta- 
bility, while for F = 2 they may Influence In some cases, whereas In other 
cases the stability condition coincides with (1.14) . 

It has to be underlined that in those cases where the expressions on the 
left-hand side of the stability conditions cannot vanish, those conditions 
are not only sufficient but also necessary for sufficiently small u . 

2. Let us now consider non-self-contained systems [4 and 51 

2" + m2x = f (1) + 1°F (1, 2, z’, p) (2.1) 

The function F(~,z,s',~) Is analytic with respect to x,x*,~ and peri- 
odic with respect to t with period 2n . The quantity m Is an Integer, 
while the mth coefficients In the expansion of the function F(t,x,x*,~) In 
a Fourier series with respect to t vanish. 

The solution of the generating system (p = 0) depends on two parameters 
and has the form 



to (t) = A, cos mt _I- zsin mt + cp (t) 

The original conditions take on the form 

2 (0) = -%I +B + cp (O), 2' (0) = B, -!- 'r + cp' (0) 

The quantity y has the same properties as g . 

The solution of Equation (2.1) may be represented by a Polncare 
g, y and p which Is analogous to the series (1.3). The functions 
are defined by Formula (1.5). 
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(2.2) 

series in 
c,(t) 

The perlodlclty conditions of the solution lead to two relations [4], 

where 

5 L,pn = 0, 5 N,$‘= 0 (2.3) 
n=lJ Tl=c 

4, = C,, P-f, A, + P, Bo + 71, N,, = C,’ (23-5 A, -r;B, RI + 7) 
The values LB and N, for g = v 

C,(~IT) and C.'(m) or c, and c,' . 
=O will be denoted in the following by 

'Phe amplitudes A, and & are generally defined from the systems of equa- 
tions 

Cl (2n)= 0, Cl.(2X) = 0 (2.4) 

Thus the quantities A, and &, depend on the terms of first order. 

In the case of simple roots of Equations (2.4) the determinant 

ac, ac; 
*= aAo aBo 

ac, ac; 
---I- 

dBo drio 
(24 

Is not equal to zero. In that case the quantities g and y are expanded 
In serles'ln Integer powers of u . The coefficients A, and & of these 
series are defined from the systems of linear equations. We obtain, for 
example, for the definition of A, and & 

acl 
=A+$ BI + cz = 0, 

ac, acl' 
0 

aAoA~+afh+Ca’ =O 

An analysis of the equation systems for the following coefficients [4] 
shows that the coefficients A. and & depend on the quantities of order 
n+1. 

In the case of double roots of Equations (2.4) the determinant A = 0 
and the quantlt<es g and y are expanded in series In powers of c\ or ~3. 
The coefficients A+ and Q are defined by Formulas [ 53 

.In these formulas the determinant of second order A* Is expressed by the 
derivatives of first and second order of 
to A, and &, . The determinant 

C,(m) and C;(m) with respect 

ace 
A1=~c;-&c, 

0 0 

An analysis of the formulas for other coefficients shows that the coeffl- 
clents A.leand &b depend on the terms of order n + 1 . 

The sclutlons x(t) are expanded In series of integer or fractional powers 
of the parameter p subject to the character of the expansion of the quan- 
tities g and y . The estlmatlon of the coefficients of the expansion of 
x(t) remslns the same as that for self-contained aystems. 

The stability of the non-self-contained systems (2-i) ln the case ofslmple 
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;;-z; of Equations (2.4) Is for sufficiently small u defined from condl- 

A > 0, (2.6) 

Consequently, the stability in that case depends only on the terms of 
first order. 

For double roots of Equations (2.4) the first condition of (2.6) is 
replaced by the follow* C63 

(2.7) 

In this case the stability depends now on the terms of second order. For 
Aa-i?*=O the stability depends on the terms of still higher order. 

ThUs the analysis of self-contained and non-self-contained systems with 
one degree of freedom shows that the influence of terms of various order on 
periodic solutions Is cor;lpletely Identical for both systems. Proceeding 
from the modern methods of forming periodic solutions, one may show that for 
Systems with several degrees of freedom the estimations will be the same as 
for systems with one degree of freedom. 

3. Let US consider the followlng problem. There Is a self-contained or 
non-self-contained system with one degree of freedom of the form (1.1) or 
(2.1). .We assume that all periodic solutions of this system are well-known. 
We add one or more functions with multipliers of second or higher order of 

to the right-hand side of the equation of the system. 
iiuul side of the equation will look as follows: 

Then the right- 

PF (t, 5, 2.‘, p) = /.lF, (t, z, zl’, PL) -j- $Fz ( . . .) -t p3F,( f * .I -i- * * * (3.1) 

where F, Is the original function and F , Fs are functions which are lnde- 
pendent of F and which are generally Lnaependent of one another and satisfy 
the same conditions as the functions pi. 

We now consider changes. In the periodic solutions (the number , form and 
stability of the solutions) resulting from the addition of functions pa, 
F, > . . . 

If we expand the right-hand side of the equation according to Formula 
(1.4), we obtain 

EIl (0 = H,, (0, Ha @) = H,, (t) i- H21 0) 

H, (1) = If12 (t) + rr22 (1) + H2, (I) and so on. (3.2) 

The first index of R,,(t) Is an Index of the function F,, and the second 
index Is an order lndex according to the second formula of (1.4). 

If we expand the solution of the new system In a Polncare series, then 
the functions C,(t) from this series will satisfy the relations analogous 
to (3.2) 

c1 0) = c,, (t?. C, (t) = C,, (t) + C,, (t) and so on. (3.3) 

Connlderlng the problem mentioned, three fundamental solutions are possl- 
ble. 

The basic amplitudes A, and 8, are completely defined from Equations 
from the equations which depend only on the quantities 
In that case the values A0 and B do not ohMge lf 

tern of higher older are added. There are two posslbifitles: (a) the roots 
of the equations of the amplitudes are simple. In that oane all period10 
solutions are expanded ln series in Integer powers of p . The terms of 
second order aannot ohange the form of the solutims nor their stability. 
(bbtsAmong the roots of the equations of the ~litudes there ere titiple 

For these roots the solution may be eaqarxied In Integer Powem and 
aleo k fraotlonal powers of the pamMer. Bg addSion OS the funotions 
F (e - 2,3r... ) the form of the solutions may ohange. The solution In the 
f&m of a series In integer powers may turn into a solution which IS ohawed 
in fractional powers and conversely. The real branches of the solutlons My 
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be transformed to Imaginary ones and conversely. The characteristic features 
of the atablllty of the solutions may change to the opposite ones. 

The an@ltudea A 
not2iefined from Rquatlo&yf.7 "Ar (2.4). For Instance, In case B 

or some values of these amplltuses, are 

C,(2z)z 0, c'l(2n)~O 

Is valid for non-self-contained systems or 
contained systems. 

Cl (2n)~ 0' Is valid for self- 

More complicated cases are also possible 173. For instance, Equations 
(2.4) have the form 

c, (2n) = us’) y = 0, Cl’ (h) = ab(a)y = 0 

A part of the values A, and B0 Is defined by Equations 

@(l) = 0, Q(a) = 0 (3.5) 

The values A,, 
system (3.4); 

and & which correspond to Y = 0 , cannot be defined by 
in that case the determinant A of the system vanishes. 

These values A,, and &, 
of esuatlone 

may generally be defined from the following system 

Y = 0, a+%,' (2n) - u)(a) cs (2n) = 0 (3.6) 

In this case the periodic solutions for the values A, and B,,, obtained 
from Equations (3.6) will depend on the function F,. 

In the case when the basic amplitudes 
tions which result from C,(m) or C;(m) 

A, and B are defined by the equa- 
the es?lmation of all quantities 

which characterize such periodic solutions iill depend only on the functions 
F. and the functions with smaller Index. 
have multiple roots, the functions F,,, 

If the equations of the amplitudes 
and the functions with higher Index 

may Influence the form of the equations and their stability. 

3. Some values of the amplitudes A, and & can not be defined by any 
system of equations. For those values of the amplitudes the rerlodlc solu- 
tion depends on one or two parameters, and In the case of several degrees 
of freedom It depends on a certain number of parameters not higher than the 
number of the degree of freedom. 
possessing first integrals 181. 

Such systems Include, for Instance, systems 
Here the periodic solution of these systems 

has only so many parameters as there exist first integrals. 

In the considered case It Is possible, 
to keep the family of solutions and of the 

by adding the functions F, te-2,3..) 
corre'spondlng Isolated solutions 

and to let perlodlc*solutlone completely vanish. If there Is, for Instance, 
a conservative self-contained system, then the adding of the function 
F,(x,x*,~) on the right-hand aide of the equation destroys the conservatism 
of the system. Only Isolated solutions may be kept from the original family 
of periodic solutions which depend on one parameter. 

Finally we study the following problem as an Illustration. Consider a 
quasi-linear system with one degree of freedom, and let It be a self-contained 
system (1.1). In this system there will be lntoduced a small delay of time 
70 * The system takes on the form 

2” (t) + k2x (t - To) = pF (x (1 - To), x’ (t - To), p) 

the 
This problem was posed by I.A.Riabov in his lecture cn May 5th, 1964, In 
seminar of the Department Analytic Mechanics of the Institute of Mecha- 

nics of the Academy of Sciences of the USSR and It was solved for three spe- 
cial examples (the equation of Van der Pol, the equatldn of Duffing and the 
oscillation equation of the vacuum-tube oscillator). 

If all functions which depend on 
then Equation (3.7) may be written in'%he 

are expanded In power series In TV, 
form 

2” (f) + /3x (1) = pF (x (f), x’ (f), p) f- Pr,Z (1) + . . . 

The subsequent terms are of order VT‘, T:, and so on. 
time 

Let the delay of 
r0 have the order pm, I.e. 
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To = PP (3.9) 
where p is a positive coeff&cient of order 1 . 
(3.7) and (3.8) are equivalent, 

Assuming that the systems 
we consider the influence of the small delay 

on the periodic solutions of the original system (1.1). Under the assumed 
conditions the added function of lower order will be 

F,, = pk2x’ (t) 

As a result of the calculations we obtain 

C,, (To) = pnk.4, (3.10) 

For n = 1 the delay of the order p influences the periodic solutions 
of the given system equally with the term of first order of the nonlinear 
function F . For n = 2 it is, for the sake of the estimation of the 
influence of the delay, necessary to use the above consiueratlons and esti- 
mations. In that case the systems which have the amplitudes A, as simple 
roots of Equation (1.7) will keep the number, the form and the stability of 
the Periodic solutions when the delay of time is introduced, 

In the case of a conservative original system we have C~TI (To) G 0 for 
arbitrary n . The amplitude A, for a system with delay will be 'defined 
from Equation Cn,(TO) =O,from which it follows A, = 0 . This corresponds to 
the equilibrium state of the system. Thus the existence of arbitrary small 
delay in a conservative self-contained system leads to the vanishing of peri- 
odic solutions. 
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