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This paper deals witn terms of different order of smallness on the right-hand
side of the equations and their influence on the exlistence, the form and the
stability of periodic solutions of quasi-linear systems. This problem 1s
analyzed in detall with self-contained and non-self-contained systems with
one degree of freedom, using Poincaré's method in its modern form. The ana-
lysis of systems with several degrees of freedom does not show any new results
and will therefore not be adduced.

1, Let us first consider the self-contained systems [1 and 2]
T4 kz =pF (2,7, p) (1.1

The function F(x,x°,p) is analytic with respect to its arguments, u is
a small positive parameter, x 18 a constant., It is assumed that the small-
ness of the parameter | guarantees the existence of periodic solutions each
of which is expanded in a series in powers of u . As is known, the solu-
tion of* a generating system (u = 0) depends on one parameter and has the

form
zo () = Ag €08 kt (1.2)
The periodic solutions can be deter ilned using the initial conditions
z (0) = 4, +B, z (0 =0

where g 1s a function of p with g(0) = 0.

The solution df Equation (1.1) may be written in the form of Poincaré
serles in powers of g &and u

(o]
ac,, (¢ n
£ (6 Ay By = (o 4 Breos ki + 3} [Ca (0 4 Yse. ] a9
n=1 o
Let us expand the right-hand side of Equation (1.1) in a series 1in powvers
of u 00
-1
Fow=SH @p", H@H=_1 (L (1.4)
UF (z, ', B Z OB n (8 n — D (dpn—l );u-:B-o

n=1
The values of the first four coefficients of H.(t) are given in [1].
We note that the explicit dependence of the function F on u has an effect
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on the quantities of g, (¢) starting with g,(¢)

The functions (,(t) are defined by Formula
t

c, =21 SH (t') sin k (¢ — ¢) dt’ (1.5)
0

The index of the function (,(¢) 1s equal to the power of u , the coef-
ficlent of which 1s g, (t) in the expansion (1.4). The derivatives of any
order of 0,(2) with respect to ¢ and A, are expressed by y,{¢) and
Fu(¢) and their derivatives with respect to Ay

We will estimate all quantities in the formula for periodic solutions of
quasi~-linear systems subject to tne maximum order of the terms of the expan-
silon of the right-hand sides of the equations, where the terms may still
influence the given gquantity. Obviously such an estimation ma$y be made with
respect to the largest index of the functions ¢, (¢) and their derivatives
with respect to ¢t and 4, on which the given quantity is dependent. The
fgrmulation "such a quanti%y 18 dependent on the terms of order of smallness

will mean in the following that the mentioned quantity 1s generally depend-
ent on the coefficlients of the terms of order 1 ¢to s&th.

As is known, one of conditions of perlodicity defines the period of the
unknown solution as an expansion in powers of u . The second condition of
periodicity leads to the relation

[e o]
2 M T dospun=0 (T,=2%) (1.6)
n=1

where T, 1s a perlod of the generating solutlon.

Let us denote the quantities ¥, (7,,4,+8) for g = O by ¥, and we will
obtain

T,
M, =C,(To) = — 1T S F (z, =, 0) sin ktdt

0
My = Cy (To) + 577 2sz 1 2 (T} and so on.

The formulas of paper [1] show that the quantity u, depends on the terms
of order »n . The basic amplitudes A, are generally defined by Equation
Cy(Ty) =0 1.7
Consequently, in this case the values 4, depend on the terms of first order,

If the multiplicity of the considered root of Equation (1.7) 1s equal to
1 , then the expansion of the quantity g may assume the form [2]

00
B= 3 A4, u"" r=1,...,0 (1.8)

n=1

For 1 =1 the coefficlents of 4, may be found from the linear equations,
For instance, for 4, we have

AC, | dAg + M, = 0
It 1s shown from the eqQuations for the remaining coefficients [1] that
the coefficient of 4, 18 dependent on the terms of order 5 + 1 ,

For No,# O and for the expansion of g in fractional powers of u , the
first coe%ficient of the expansion is defined by Equation [ 2]

T 8A, AT

and 1is consequently also dependent on the terms of second order. An analysis
of the remaining equations for the coefficlents Aupe shows that these coef-
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ficlents depend on the terms of order n+l . We note, that with the assumed
definitions the coefficlents with the same index, taken from different types
of expansions depend on the terms of dilfferent, order of smallness,. For
instance, the coefficlent 4, 1s the first coefficient in the expansrion in
integer powers of |5 and the rth coefficlent in the expansion of ut/r. In
the first case 4, depends on the quantities of second order, in the second
case A4, depends on the quantities of order r + 1 ,

In self-contained systems periodic solutions with constant period will be
obtained if the transformation in time 1s made,

t=1(1+ 3 h,,u") (1.9)
n=r

It may be shown that the quantities of order (n — r + 1) may influence
the coefficient Rafr +

The periodic solution of Equation (1.1) is expanded 11 the same form of
series as the quantity 8

[ee]
z (1) = 2 p"f”xn/r (1) (1.10)
n=¢0¢

The term 4., cos ¢ will be introduced in the formula of the functilon
xy,(w). Therefore the function xHﬁ(T) will generally depend on the terms
of order n + 1 .

The stability of periodic solutions of Equations (1.1) for sufficilently
small p 1is in the case of simple roots of Equation (1.7) defined by the

inequality )
oC, 1 81, <0 (1.1 H

In the case of two-fold roots of Equation (1.7) and of the expansion of
g 1in serles in powers of Y2 the condition of stability [3] will read

Apg®Cy [ 042 L0 (1.12

Here A4,/,, 1s the first coefficlent not equal to zero with a fractlon as
index. In’the case of the expansion of g 1n integer powers of u , the
stability condition takes on the form

An[)ﬂC1 JoAE 4 ... <0 (1.13)
Here 4, 1s the first coefflclent of the expansion 1n powers of 8 not
equal to zero, while the terms not written here depend on cn.x(lb) .
In the case of three-fold roots in Equation (1.7) for r = 3, the con-
ditlon of stability is not dependent on the terms of order larger than 1
&*C, [ 0P <0 (1.14)

Fcr r = 1 the terms of order larger than 1 have influence on the sta-
bility, while for r = 2 they may influence in some cases, whereas 1in other
cases the stabllity condition coincides with (1.14) .

It has to be underlined that 1n those cases where the expressions on the
left-hand side of the stability conditions cannot vanish, those conditlons
are not only sufficlent but also necessary for sufficiently small u .

2. Let us now consider non-self-contailned systems [4 and 5]
'+ mir=f () +pF(t 2 2,0 (2.1)

The function F(t,x,x',u) 1s analytic with respect to x,x’,u &nd peri-
odic with respect to ¢t with period 2n . The quantity m 1is an 1nteger,
while the mth coefficients in the expansion of the function Flt,x,x%,u) in
a Fourier series with respect to ¢ vanish.

The solution of the generating system {u = O) depends on two parameters
and has the form
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B, .
£, (t) = Ag cos mt - 7051n mt 4+ @ (t) (2.2)
The original conditions take on the form
z2(0)=Ao+p +9(0), = (0)=B+71+¢ (0

The quantity y has the same properties as 8 .

The solution of Equation (2.1) may be represented by a Poincaré series in
B, vy and u which 1s analogous to the serles (1.3). The functions ¢, {¢)
are defined by Formula (1.5).

The periodicity conditions of the solution lead to two relations [4],

oo 0
Zan'nz()’ ENnu'n:O 2.3)
n=o n=0
where
Ln=Cn(2ﬂ,Ao+B,Bo+“{), Nn=Cl.(2nsAo+ﬁvBo+T)
The values 7, and ¥, for 8 =y =0 wl1lll be denoted in the following by
¢,(2n) and ¢7(2r) or ¢, and ¢, .
The amplitudes 4, and B, are generally defined from the systems of equa-

tions
C: (2m) = 0, C' (21) =0 (2.4)

Thus the quantities 4, and p, depend on the terms of first order.
In the case of simple roots of Equations (2.4) the determinant
ac, aCy aC, aCy’
A= 55— 35-53— (2.5)
04y 0B, 0By 04y
is not equal to zero. In that case the quantitles g and y are expanded
in serles 1n integer powers of u . The coefficlents 4, and pj, of these

serles ar¢ defined from the systems of linear equations. We obtain, for
example, for the definition of 4, and p5,

aCy aC, acy acy .
7525‘414‘?ﬁ§'314‘02==0v 7;;;‘414-755‘314-02-—0

An analysis of the equation systems for the following coefficlents [4]
shows that the coefficients 4, and p, depend on the quantities of order
n+1l.

In the case of double roots of Equations (2.4) the determinant a5 = O
and the quantities g and y are expanded in serles in powers of u or ui.
The coefficlents Ai and Bi are defined by Formulas [5]

4= X000 g g 28 5 )
" "A% 3B, 9B, T TA% 94, 34,

. In these formulas the determinant of second order a* 1s expressed by the
derivatives of first and second order of (,(2n) and ¢p(2n) with respect
to 4, and B, . The determinant

o, . 9Cy
8, =3B, ¢ — 3B, &

An analysis of the formulas for other coefficients shows that the coeffi-
clents 4,, and B,p, depend on the terms of order n + 1 .

The sclutions x(¢) are expanded in series of integer or fractional powers
of the parameter  subject to the character of the expansion of the quan-
tities g and y . The estimation of the coefficlents of the expansion of
x(¢t) remeins the same as that for self-contained systems.

The stability of the non-self-contained systems (2.31) 1n the case of simple
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roots of Equations (2.4) is for sufficiently small u defined from condi-

tions
ac aCy’
A>0, g+ 55 <0 (2.6)

Consequently, the stability in that case depends only on the terms of
first order.

Por double roots of Equations (2.4) the first condition of (2.6) 1s
replaced by the following [6]

aA aA
Ay, + B, 557> 0 @7

In this case the gtability depends now on the terms of second order, For
A, =58, =0 the stability depends on the terms of still higher order.

Thus the analysis of self-contained and non-self-contained systems with
one degree of freedom shows that the influence of terms of various order on
periodic solutions is completely identical for both systems. Proceeding
from the modern methods of forming periodic solutions, one may show that for
systems with several degrees of freedom the estimations will be the same as
for systems with one degree of freedom,

3. Let us consider the following problem. There 1s a self-contained or
non-self-contained system with one degree of freedom of the form (1.1) or
(2.1). .We assume that all periodic solutions of this system are well-known.
We add one or more functions with multipliers of second or higher order of
u to the right-hand side of the equation of the system. Then the right-
hand side of the equation will look as follows:

PF (8, z, ', p) = WFy (4 o, o W) + WBF2 (o) R 3F(L . ) e (3.1

where F, 1s the original function and F,, Fy are functions which are inde-
pendent of F, and which are generally 1n3ependent of one another and satisfy
the same conditions as the functions F,.

We now consider changes in the periodic solutions (the number , form and
stabllity of the solutions) resulting from the addition of functions F,,
Fyroeee

If we expand the right-hand eside of the equation according to Formula

(1.4), we obtain
Hy () = Hy (8}, Hy (1) = Hy, (1) + Hy (1)
Hy(t) = Hyy () + Hy (1) + Hyy (1) and so on. (3.2)

The first index of §,,(t) 18 an index of the function s,, and the second
index is an order index according to the second formula of (1.4).

If we expand the solution of the new system 1in a Poincaré series, then
the functions ¢,(¢t) from this series will satisfy the relations analogous

to (3.2)
Ci{ty =0Cy (), Ca(t) =Ci{t) 4 Cy (1) and so on, (3.3)

Considering the problem mentioned, three fundamental solutions are possi-
ble.

1. The basic amplitudes 4, and 5, are completely defined from Equations
(1.7) or (2.4), 1.e. from the equations which depend only on the quantities
of the first order. In that case the values A, and B, do not change if
terms of higher order are added, There are two possibiiitieaz (a) the roots
of the equations of the amplitudes are simple. In that oase all periodic
solutions are expanded in series in integer powers of u . The terms of
second order cannot change the form of the soluticns nor their stability.

(b) Among the roots of the equations of the amplitudes there sre multiple
roota, For these roots the solution may be expanded in integer powers and
also in fractional powers of the parameter, By addition of the funotions

7, (8 = 2,3,...) the form of the solutions may change. The solution in the
form of a series in integer powers may turn into a solution which is changed
in fractional powers and conversely., The real branches of the solutions may
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be transformed to imaginary ones and conversely. The chavacteristic features
of the stability of the solutions may change to the opposite ones,

2. The amplitudes A, and §°,or some values of these amplituses, are
not defined from Equations (1.7) or (2.4). For instance, in case

Ci@n)=0, Ci1(2n) =0

is valid for non-self-contained systems or C; (2n) =0 1s valid for self-
contained systems.

More complicated cases are also possible [7]. For instance, Equations
(2.4) have the form

C,2n) = oW ¥ = 0, C, (2n) = O¥Y =0 (3.4)
A part of the values 4, and B, 1s defined by Equations

o) = 0, O =0 (3.5)

The values 4, and B, vhich correspond to ¥ = O , cannot be defined by
system (3.4); in that case the determinant A of the system vanishes.

These values 4, and B, may generally be defined from the following system
of equations

¥=0 O, @n) — D¢, @2n) =0 (3.6)

In this case the periodic solutions for the values A, and jB,, obtained
from Equations (3.6) will depend on the function F,.

In the case when the basic amplitudes 4, and B, are defined by the equa-
tions which result from ¢,(2r) or ¢:(2n) , the estimation of all quantities
which characterize such periodic solutions will depend only on the functions

F, and the functions with smaller index. If the equations of the amplitudes
have multiple roots, the functions p,,, and the functions with higher index

may influence the form of the equations and their stability.

3. Some values of the amplitudes 4, and B, can not be defined by any
system of equations. For those values of the amplitudes the rerilodic solu-
tion depends on one or two parameters, and in the case of several degrees
of freedom it depends on a certain number of parameters not higher than the
number of the degree of freedom. Such systems include, for instance, systems
possessing first integrals [8]. Here the periodic solution of these systems
has only so many parameters as there exist first integrals,

In the considered case it 1s possible, by adding the functions g, (s=2,3..)
to keep the family of solutions and of the corresponding isolated solutions
and to let periodic-solutione completely vanish. If there is, for instance,

a conservative self-contained system, then the adding of the function

F, (x,x*,u) on the right-hand side of the equation destroys the conservatism
of the system. Only 1solated solutions may be kept from the original family
of periodilc solutlons which depend on one parameter.

Finally we study the following problem as an illustration. Consider a
quasi-linear system with one degree of freedom, and let it be a self-contalned
system (1.1). In this system there will be intoduced a small delay of time
To+ The system takes on the form

(1) + Kz (8 — T0) = puF (z (t — W), 2 (t — ), ) 3.7

This problem was posed by I.A.Riabov in his lecture cn May 5th, 1964, in
the seminar of the Department Analytic Mechanics of the Institute of Mecha-
nics of the Academy of Sclences of the USSR and 1t was solved for three spe-
cial examples (the equation of Van der Pol, the equation of Duffing and the
oscillation equation of the vacuum-tube oscillator),

If all functions which depend on 1 are expanded 1in power serles in 1.,
then Equation (3.7) may be written in the form

2 (1) 4- K2z (1) = puF (z (1), 2 (8), p) 4 k2rea (8) + . . . (3.8)

The subsequent terms are of order KT, s 7d, and so on. Let the delay of
time 1, have the order u*, 1.e.
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n

To = DU (3.9)

where p 1s a poslitive coefficlent of order 1 . Assuming that the systems
(3.7) and (3.8) are equivalent, we consider the influence of the small delay
on the perlodic solutions of the original system (1,1). Under the assumed
conditions the added function of lower order will be

Fn = pk?x’ (¢)
As a result of the calculations we obtain
Cnx (To) = pmkA, (3.10)

For 5 = 1 the delay of the order u influences the periodic solutions
of the glven system equally with the term of filrst order of the nonlinear
function F . For n =2 1t 1s, for the sake of the estimation of the
Influence of the delay, necessary to use the above consiuerations and esti-
matlons. In that case the systems which have the amplitudes 4, as simple
roots of Equatlion (1.7) will keep the number, the form and the stability of
the periodilc solutions when the delay of time 1s introduced,

In the case of a conservatlve original system we have Cin (7o) =0 for
arbitrary n . The amplitude 4, for a system with delay will be defined
from Equation CM(15)=0,from which 1t follows 4, = O . This corresponds to
the equilibrium state of the system. Thus the exlstence of arbltrary small

delay in a conservative self-contained system leads to the vanlshing of peri-
odic solutions.
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